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Design of Linear Stationary Fixed-Point Smoother by Covariance

Information Based on the Innovations Theory

Seiichi Nakamorr* and Akira Haray*

This paper designs the new fixed-point
smoother, which estimates a stationary stochas-
tic signal, based on the innovations theory by
‘the covariance information of the signal and
observation noise: processes. Two kinds of
observation noises are considered here, which
are the stationary white noise and the stationary
white plus stationary coloured noise. We design
the sub-optimal fixed-point smoother for each
noise. The new smoother has the two advan-
tages: 1) The linear stationary stochastic signal
can be estimated, with a simple initial-value
system, directly by the curve-fitted functions -
of the covariance information, and by the
observed values. ~So we do not have any trouble
of finding an approximating state space model
by the spectral factorization method, using
covariance information. 2) The calculation of
" 'the algorithm for the fixed-point smoothing
estimate is easy. The reason is that the co-
variance function of the stationary stochastic
signal and coloured-noisé processes are assumed
to be semi-degenerate. Semi-degenerate kernels
can express the general kind of covariance
information in the form of finite sums of pro-
ducts of nonrandom functions.

The originality of this paper lies in the idea
that we first derived the fixed-point smoother,
which estimates a linear stationary stochastic ‘
signal, based on the innovations theory by the
covariance information. In comparison with
the fixed-point smoother for the stationary:
white noise case by the Wiener-Hopf integral
equation approach using the information in
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nonstationary systems, the present fixed-point
smoother in this paper for stationary systems
also has the numerical merit that the given
algorithms contain fewer number of differential
equations than those by the Wiener-Hopf in-
tegral equation approach.

The effectiveness of the new fixed-point
smoother was assured by some numerical exam-
ples.
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the related studies i
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CEKE SO, RIS, bhbhoABICHEE
T AYBIERE BT R T — 2 3, KBIHE
WREEBREOHEBICEL, A1/ ~x—va vHEiick
BHRBEIBENT — 2 ECEBASTETSHS. &
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IDROATIE, (3), (4)Rx Y
E[2(£w7(s)]

=E[z(z)(y(s)—2(s, 5))7]
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RIEBLEBAOHT O 8 SHIURK R, semi-
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i=1,2,-, M, j=1,2, w N, k=1,2,..,N
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THEZ oA,

(FEHR)

R A~T KB 2O HBRETPEMEY X T s~
Z¥F % Invariant Imbedding OF2Eick by QIR
~@E)REFBON . #ELOROEHRERDBAT
S (Q.E.D)

3.2 ERHGHANE

LIMTH, EHEA+EEARBIETD L X1,
EHTERESBED fixed-point 2 A— v/ il

ERS BOMES 27 22 BH L. AT, F

DEREBEICLT, EWEAENEST (18X o
Bale, fxed-point X A—¥ 7 DY X 4 SRS
3. '

L<EE 2> R )

EREOENSTO L 51T, EEREEEOBERE
7 fixed-point = 4 — v 7 HEEE R B IE
25 513, EABEREHER LT, (33) %~ (86 R
BRI 5.

M
00T (t, T)= 2, 8:(e) as( T)w(T)—~ (T, T)),
(Fixed-point % a— v v /HEEN)  (33)
M
(T, T):‘A;‘la,v(T)Of(T), (7 4 v 2 HEEH)

(34)

dlaT O«T)=p(T) R w(T)— 4T, T)) (35)
ULUESEHES

0:(0)=0, i=1,2,++, M (36)

THZBNE. CTIE, ERORMUERE, (4)5

@ semi-degenerate £ THZ o 5bDET 3.

(FERY) .

R 1T, R S A OB H Y B semi-
degenerate % @ %4> % 7i(8)=0,(6)=0, ;j=1,2, -,
N, 2L, BHA~EO)RBAEICELNS.

) (Q.E.D.)

B E LY

165 #®6 =
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EHE I TEFHOERORMETORAICER I
7z fixed-point 2 & — ¥ v 7 HEEERD B EHEIE Y
R T LDEGHETED Blonic, HE#EY I 2 v—y
a YICX B EHEREERNG,

BAHRERNEZ, (1)RTEZ 0 THD, 252013
BN RORIEHFBRTERSNS T 1 KD Butter-
worth BEP L9 5.

didt z(t)=—kz(t)+u(t) (37)
2T, u(t) & 2(2) ©t=0 1B ZHEE =(0) 1Z
SEHEYe T, wE) & 20 F, FHhEN(38), (39)
ATHEZ 6N 5 Gauss OMINHEELET 2.

Eul#) u(t)]=2k po(t—7) (38)

E[220)]=p - (39
EH 1RoD Butterworth BIRD [ L4 8B 13,
(AKX TEEINS.
. _[pe—He-D, 0=Tst

K6O={7 o omrer (40)

AYIav—vaYKERENB L pDHIZ, k=
5.0, p=10.0 O—EEE L. =2(0) IFE&EIC —2.0 28
(MB)RXLBEING. i, EXFRENETE, R
BICEE 1R @ Butterworth @2 & U, (40) H~ (43)
REDEZ N5, wl(f) & v(0) DEHERZE 0T,
ul(t) & v(0) i, ZzhTh@2)REWB)RXTHEZS
N5 Gauss WOEIMEEEET 5.

djdtv.(t)=—klve(t)+ul(t) (41)
E[u1(2) ul(c)]=2k1 p15(z—7) 42
E[v.%0)]=21 (48)

czic, kl=5.0 D—EMEILHLT, p1=0.01, pl=
0.1, p1=0.2 LEZ e L EDETNTH O PHE ©.(0)
=0. 63653, 0. 45010, 0.14233 5 ve(s) 35T 3.

The coloured-noise processes

- 1 . 1 ]

0.05 0.0 0.075 0.1t

Fig. 2 The coloured-noise processes which is a
first-order stationary Butterworth processes.
a...Coloured-noise process for p/=0.2 and
kl=5.0. b...Coloured-noise process for p/=
0.1 and A/=5 0. ¢...Coloured-noise process
for p/=0.01 and k/=5 0
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Q 0.([)25’ 0.05 0.075 0.1
; T T T
=
£-1 .
S
~ o n b,

—2F +2(0.005) = —1. 9880
Fig.3 2(0.005, T) versus 7. a...2(0.005, T) for p/=
0.01 and k/=5.0 when the white noise is
N(0,0.7%).5...2(0. 005, T) for p{=0.01 and
kl=5.0 when the white noise is N(0,0.3?%)

co&Sic pl OEAEEZ BHIX Fig. 2 IR h

I EEFLESBRICH LT, ARXD fixed-point
AR L—PREHREEEETREEET 2D 512D

TH5. Fig. 2 TR, PBEOKE I vlt) IThiE -

DEBLTINGY, EFLVYIal—Y s VOILED
53MYDARE SOERBOHTLREIETS.

HEEFOLAREE, WRTERING.
ple—ki—7), 0=r=t

Kc(t, 'C): { -
pleblie—n),  0<t<c

(44)

(40)R, (44)R.D semi-degenerate FLHER SN IER

HRERBR S EEE LS EROLS Y, (1)
KOBHE (2)ROEHFACKTOHBICET 1%
WAEFERE 10 fixed-point X A—FDOHLEY 2 7 4
QTR AT B &, fixed-point Z A — UV IHRER, v
—rr vy pritRH NS, \
 Fig. 3 TR, ERAAENESE—E (k1=5.0,
21=0.01) & LT, EEALENETONEE 0.3
0.72 LZ(LE BT & = ORHTICHT 5 - fixed-point
A b— P v HEEME (0.005, T) BBER SN TN 5.

0, 0. (1)25 0. PS 0. (])75 0.\ 1;

The esltimates
—
(-]

|
5
=

" Fig.4 The fixed-point smoothing and filtering
: estimates. a...4(f,2+0.2) for p/=0.2 and &/
=5.0 when the white noise is N(0,0.3%).
b...4(¢, t+0.2) for p/=0.1 and k/=5.0 when
the white noise 1s' N(0, 0. 3%). ¢...£(¢,£4+0.2)
for p/=0.01 and %k/=5.0 when the white
noise is N(0,0.3%). d...5(¢.¢+0.2) for p/=
0.01 and k/=>5.0 when the white noise is
N(O,0.72). e...4(¢, £) for pI=0.01 and kl=5.0
when'the white noise is .N(0, 0. 72). f...First-
order stationary Butterworth process for’
$=10.0 and £=5.0. g...£(¢, #+0. 05),for pi=
0.01 and k/=5.0 when the white noise is
N(0,0.3?%) .

Fig. 3 k0, EuEEMEOHEIISIZYE, A

=YV rHEEE £(0,005, T) 13, {55 DEE 2(0.005)

=—1.9880 ZREERLC HELTVEL LHbh 5.
F72, t=0.005 D& xD7 4R HEEME £0. 005
0.005) iz Hige LT, T=0. 005 5% S DEFIE, & &
VES LSO HOEIBERLEA LA A VY
JHEENE £(0.005, T) D2 A3, MEERHEMALESH
BEWNS BIFIL R A— U v SRS Fig. 8 XU 85
nTW»5. Fig. 4 3, EEAL-EREGERAES
D& &0 fixed-point 2 A=V D BMTIHE, BE
TR, BLORA— Y v IiEEBIcsT 3T DR
B (7 4 VAHEEBE DRI IKOVTRLERTS
5. 757 fik, EEEBEEDL, k=5.0,p=10.0
D& EDEE 1RO Butterworth JBEZR LT 3.

DR, HEMEEECELT, SEERETDST A

— 2 Ze—5EfE (#1=0. 01, k1=5.0) & LT, N(0,0.3?)
& N(0,0.7%) @iﬁﬂcﬁ'ﬁﬁﬁ%ﬁgéﬁif:%%.

N(0,0.3?) it 3 ﬁxed-point R L—Y VY ITHEEB
2(2,¢40.2) DIEHS B K OHEERBES RO EN S XY

BBMEHESRSELN. CCiT, £6040.2) B

t % fixed-point & LT, 0.2BZIKXPRL—Y VT
EfT-olcE SOEEBAERL, KA ¢ KOOTEHE
L7z fixed-point 2 & — Vv S HEETH 5. DFIT,
sEEEEMED fixed-point 24— UV SHEEMEICY
TARBIR e, b0 5 T EBRALTRRS NS, ab
BT, EFBORTOSEE 0.3 O—E@ERE
BT DT 2 — 2k k=50 & LT p1=0.2(a),
p1=0.1(6) LT/ELLEAK, akbbbDs 77
B 3 fixed-point R & — ¥ v 7/ HEEM 2(2,¢4+0.2)
BEOVEEROHEEET T3 &V ) EREST.
T ® fixed-point 2 & — ¥ v FHEEEARIT TR,

g O/ ITICEVERESNG. g DSFTR, %

NENEEBOHTE N0.03), EEFLHET O
5 A —42% pl1=0.01, k1=50 O—EEE LicsZx
D &6 14+0.2) (c) & 2(52+0.05) (&) ARRLTL
B. £(4,640.2) & £ ¢+0.05) @ 0.005<£<0.1 i¢
BT AMEBESROMIT, Fheh 0.9466 &
0.41583 Th 5. *i, EEEAMEE NO,0.72) &
BE, ERAOKETO T2 —2% p1=0.01, kl=.
5.0 O—ElEE Lz & &0 fixed-point Z\A»—Q“/ﬁ“
HEGEME 2(2,240.2) &7 4 WAHEEME 202,¢) 3, d,e

D77 7IREVEIRENTE D, £(224+0.2) 28 £(4,2)

FOLBHOHICEBELZRIHEEL TV S,
PLOFEKY Y 2 v-va VERED, ERER

+EBORERNSED L&D fixed-point X &H—F7T

) XA GER D) 3EST AT, RlE, X
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AT, M2 THONER S BERES OS5
ALlcBF 3 fixed-point R H—HFT T XLDHELE
R & 20— O Y B (7 4 VR E O
) AENT, ENoOEREEEERTLEDIC
AFE &S 6 T S/ fixed-point R A —HIC K
515—9v¢ﬁﬁﬁ®ﬁﬁﬁ%éiﬁ®%ﬁmom
THE, BET 5.

BAFERE, (OROEHR Eéﬁﬁ%$HMQ%

’3"5&%2_ 3. BEEAEIMES OB CESBERIT
(2) R @ semi-degenerate & THZ S, ﬁﬁ%${§
B0 B DI BEEIL,

LN BTEH LIRD Butterworth ;@B L L, Fig.5 D
757 fTRENG. ZOB, EE0HEISHE
. ﬂi, (74 &E 1730, (14D semi- degenerate BER

SnrdaBER s BRECFREER 2 THLN

ZL—FT T ) X LKA LT, fixed-point X &=

Yy BTSN, Figho denr 771

TH 2T k=5.0, p=10.0 O—FH & ¥ &, fixed-
Cpoint R A=V SHERME &t 140.2) &, ZnEN
BBREEE S N(0,0.72) & N©O,0.3) oBaicEt
BUIEREATT. doeds 57,5 N(0,0.7) XU
N(0,0.32) @ £(¢,£-+0.2) BEMFERHEELTED,
KFHEIC K BEEEOBAMESHMO fixed-point 2

A=Y, BN EMEEEEET 5 EHHL
to. Ff, RA—VVIEBEICEBLTR, 6,d07 T

TR, KHXDR L—FREFERL—V VTR
ZHOCENELOND. THDOBL, HEHEFEE N

0 0.025_ 0.05- 0.075 0.1,

The estiimates

|
N

Fig.5 The prediction and filtering estimates. a...

4(¢,¢) for N(0,0.7%) by the Wiener-Hopf

, approach. b...5(¢,t) for N(0,0.7%) by the

innovations approach. c...3(¢,£40.2) for

N(0,0.7%) by the Winter-Hopf approach. d...

#(t, ¢40.2) for N(0,0.7%) by the innovations

approach. e...£(¢, t-+0. 2) for N(0, 0. 3?) by the

innovations approach. £...First-order statio-

nary Butterworth process for £2=5.0 and
p=10.0 -

HEE Eﬁﬂiﬁl?é}: 3
(T®zGT?«@f%)%ﬁ?5C‘

(4)RK @ semi-degenerate &
KkbEbENE. E5BRE ()R~ ()RTEL

H16% 6=

(0,0.12) p—EE LT, 2(51), £(t+0.2) ZFEL.
PR, £(5,140.2) XD HEEEES BOEVI T
LHBELATHE. Wi, EEALEIEESmO
L& fixed-point 24— (EH 2) 13, HEHER L
— OV IEBRAEET BT DD bk

THIE, XEO6TRESN TV EREEE VR T LIC
WA A7 Wiener-Hopf BOHBRT 7 = —FiKK
% fixed-point & A—- (EREOERMES) &, K
DA L—F (BEELCBNES) 2EALT, BUERD
ic fixed-point R A— Y VS HEEARE LT, B
OMERLEEF>TH LS. Fig.5 T, abD/7
7%, N(0,0.7) oL &d Wiener-Hopf #4455 BER
FFa—F EEEOL SNV s VT a—FickB
T INVAEEMEAERL, b OHEENEME (BT %
WEBOHE LTINS, od 75 71E, N(0,0.72)
1t L fixed-point & s — v JHEERE 2@, t+0. 2)
% Wiener-Hopf BAHBERT Fu—F &, KHOT
Fu—FIREDEEULBREENRT 5. chboOH
Byia—Lya VEERID, KRXDL/ R—¥a
vy u—-Ficks ﬁxed-pdint R L—HE, Wjenér
Hopf BAFBERA 77w —F ik % fixed-point X 4
—FICHE LT, XD BOEHICEST 2 HEEEDEM
~OWFM AR € LOHRS NI, BEDIY, #
SHBRO 5 EHMEH 0,001 O L&D 0=:=0.1 1Tk
U357 ab,c,d OEEBRENHROMI, 2Ne

., 18.23, 16.259, 6.3524, 2.8925, 0. 38833 "Cz?)o

’.
&‘B#DDE

A THEM X7 fixed-point X A~f@ﬂ§’:”i’ﬁﬂi,
HERYIav—va VORRRI W . KHX
13, 4/ =y a VERLEI{HLOLREE km
fixed-point R L —H (ﬁ%E@éﬁﬁJ%@ g, EWARGt

ERAGEENT) ORIET-T. :

AL, BEamny, TEHEWAE» S5 2% fixed-
point ZA-—‘*)‘@@]%{E/XTA%EKH L, ﬁ?w@ﬁ

SEROBANER, & AEMEORRBROHEEY

D& 57 M.E. BREPHEFORINT 2 7 o o R
BHREEEESENEER S BIEY A 7 AR ENEL
o5, fic, HOBEREER U, Wiener-Hopf
BOHFRBER7 7o —Fitk 3 fixed-point R 4 —H (&
BEOEME) ChET B, ARXOMEERRE,
AERE OGS XU, BERHOEHLORICE
WT@%&%@%%O@T,&D%%%T%%&Wﬁ
REBFIELEET 5.

KERHMS, BYE BWABRECHE, CiREEE
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FAEBICED 7 4 03 HEEIE £60) BRIDWZC &

1, v CRBEREET C LiIckD v() BELNS

0T, RECEBRsNG. Tibb, 1) 13
2, t):S; hit, s)w(s) ds ' (45)
LEbsh, BENT v ERER, X OEKEH

FOFRE
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+ E[0.(c) 07(s)1+ E[0:() els)T; -
0<s<T - (50)
LER s, GOROALE A, (3)RL0¥
nlins, W1ER, o) NEFEARET TH D,
E[v(t) 87(s, s)]=0 & (3), (B)RLY
E[v(2) £7(s, $)1= E[0(t)(z(s)—£(s, 5))7]
=0 '
135, E[0(@) (s, )]1=0 L5201, £(s,9) B,
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