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Abstract

This paper, by maximizing the conditional probability density function of the state vector given
the observed values, presents discrete-time suboptimal maximum a posteriori (MAP)
estimators for the nonlinear observation equation with additive white Gaussian observation
noise. This paper, at first, proposes two kinds of iterated recursive Wiener extended
algorithms for the fixed-point smoothing and filtering estimates. One is regarded as the
Newton-Raphson algorithm, since it uses the first derivative in the Hessian with respect to
the state vector, of the nonlinear observation function, and the other as the Newton’s
algorithm which uses up to the second derivative in the Hessian. Secondly, this paper
proposes three kinds of extended recursive Wiener fixed-point smoothing and filtering
algorithms in accordance with the medium-scale Quasi-Newton line search method, the
Quasi-Newton (the limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)) method
and the Nelder-Mead simplex direct search method, in the relation with the MATLAB
optimization toolbox respectively.
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1. Introduction

In nonlinear discrete-time stochastic systems, from the viewpoint of the maximum a posteriori (MAP) estimator, given
the observed values, the conditional probability density function of the state vector is treated [1]. Maximization of the
conditional probability density function with respect to the state vector is transformed into the minimization of the function
(6) in [1]. Hence, the unconstrained optimization techniques can solve the minimization problem of the function. The
simulation results in [1] show that the iterated extended Kalman filter (IEKF) is superior in estimation accuracy to the
extended Kalman filter (EKF) and the unscented Kalman filter (UKF).

As for the unconstrained minimization of the objective function (6) in [1], there might be some useful programs such as
“fminunc.m” and “fminsearch.m” in the optimization toolbox of MATLAB or “fmins.m” in Octave. In [2], it is indicated
that the posterior mean and the mean by the unscented transformation agree to the third order. In [3], the unconstrained
and constrained nonlinear optimization techniques are described.

In [4], the extended recursive Wiener fixed-point smoother and filter are proposed in discrete-time stochastic systems
with nonlinear observation mechanism. The extended recursive Wiener estimators use the auto-covariance function of

the state vector, expressed by the system matrix @, the observation vector Cfor the state vector x( k), the variance

K(k, k) = K(O) of the state vector and the gradient of the nonlinear observation function with respect to the state
vector. The recursive Wiener estimators do not use the information of the input matrix and the input noise variance in the
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state equation unlike the Kalman filter based on the state-space models. Hence, the recursive Wiener estimators are not
influenced by the modelling errors of the input matrix and the input noise variance in the state equation. From the
simulation results in [4], the extended recursive Wiener fixed-point smoother and filter are superior in estimation accuracy
to the extended Kalman estimators. Theorem 1 shows the extended recursive Wiener fixed-point smoothing and filtering
algorithms [4].

From the above viewpoints on the estimation accuracies of the iterated extended Kalman filter [1] and the extended
recursive Wiener estimators [4], compared with the extended Kalman estimators, this paper, based on the minimization
of(6) in [1], newly proposes discrete-time suboptimal MAP estimators for the nonlinear observation equation with additive
white Gaussian observation noise. This paper, at first, proposes the iterated extended recursive Wiener algorithms for the
fixed-point smoothing and filtering estimates. One is regarded as the Newton-Raphson algorithm, since it uses the first
derivative in the Hessian with respect to the state vector, of the nonlinear observation function, and the other as the
Newton’s algorithm which uses up to the second derivative in the Hessian. Secondly, this paper proposes three kinds of
iterated extended fixed-point smoothing and filtering algorithms in accordance with the medium-scale Quasi-Newton line
search method, the Quasi-Newton (the limited memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)) method and the
Nelder-Mead simplex direct search method, in the relation with the MATLAB optimization toolbox, respectively.

The phase demodulation problem to estimate the signal, from the output that a phase was modulated by the signal, is
important in the analog and digital communication systems [5]. In a numerical simulation example concerned with the phase
demodulation, the following algorithms are compared.

1) Extended recursive Wiener fixed-point smoothing and filtering algorithms [4].

2) lterated extended recursive Wiener fixed-point smoothing and filtering algorithms in the case of using the first
derivative of the observation function with respect to the state vector in the Hessian.

3) Iterated extended recursive Wiener fixed-point smoothing and filtering algorithms in the case of using up to the
second derivative of the observation function with respect to the state vector in the Hessian.

4) Iterated extended recursive Wiener fixed-point smoothing and filtering algorithms obtained based on the iterated
extended Kalman filter in [6]. The algorithms are omitted in this paper.

5) Extended recursive Wiener fixed-point smoothing and filtering algorithms in accordance with the medium-scale
Quasi- Newton line search method.

6) Extended recursive Wiener fixed-point smoothing and filtering algorithms in accordance with the Quasi-Newton
(the L-BFGS) method.

7) Extended recursive Wiener fixed-point smoothing and filtering algorithms in accordance with the Nelder-
Mead simplex direct search method.

2. Extended Recursive Wiener Estimation Algorithms for Nonlinear Observation Equation

Now, let a scalar nonlinear observation equation be given by
y(k) = f(z(k),k) +v(k), z(k) =Cx(k), @)

where z(k) represents the scalar signal, x(k) the Nx1 state vector and v(k) the white Gaussian observation noise. Let the
state equation for the state vector x(k) be expressed by

x(k +1) = dx(k) + w(k) (2

where @ s the state-transition matrix and w(k) white input noise. It is assumed that the signal and observation noise
processes are mutually independent and zero-mean. Let the auto-covariance function of the observation noise v(k) and the
input noise w(k) be expressed by

Elv(K)V(i)]=Rd (k—j), R>0 @)
E[w()w(})]=Qaox (k—j), Q>0. (4)

Here, S5 (k— j) represents the Kroneckerd function.

Let K(k, j) = K(k— j) represent the auto-covariance function of the state vector x(k) and let K (k, j) be expressed in the
form of
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T/: .
K] :{A(k)B (j),0< j<k
B(k)AT (j),0<k < j

®)

in wide-sense stationary stochastic systems [7]. Here, A(k) = ok, BT (D) =D 'K(j, j) =D 'K() . K@)
represents the variance of the state vector x(k) .

Theorem 1 presents the extended recursive Wiener fixed-point smoothing and filtering algorithms [4] for the observation
equation, including the nonlinear mechanism of the signal z(k) . It is noted that the proposed extended recursive Wiener
estimators are sub-optimal because of the Taylor series approximation of the nonlinear observation function.

Theorem 1 [4]

Let the observation equation, which has the nonlinear mechanism of the signal z(k) , be given by (1) for the white Gaussian
observation noise. Let the auto-covariance function of the state vector x(k) be expressed by (5) and let the variance of white

observation noise be R in wide-sense stationary stochastic systems. Then, the extended recursive Wiener fixed-point
smoothing and filtering algorithms, using the covariance information of the signal and observation noise, consist of (6)-(16).

Fixed-point smoothing estimate of the signal z(k) at the fixed point k: Z(k | L)

2(k | L) =CR(k | L) (6)
Fixed-point smoothing estimate of the state vector x(k) at the fixed pointk : X(k | L)

X(k|L)=%(k | L-2)+h(k,L,L)(y(L)— f(Z(L|L-D),L)) @)
Smoother gain: h(k, L, L)

h(k, L, L) = (KO)(@")" CTHT (L) -qg(k | L-D)®'CTHT (L)

J(R+H(L)CK(L,L)CTHT (L) - H(L)CDS(L-1)@d'CTHT (L)) ©
gk |L) =gk |L—1)®D" +h(k,L, L)H(L)C(K(L,L) —®S(L —-1)D"), )
ak [ k) =S(k)

Filtering estimate of the signal z(k) : Z(k | k)

3(k | k) = Cx(k, k) (10)
Filtering estimate of the state vector x(k): x(k | k)

R(K | K) = DR(K —1| k —1) + G(K)(y(k) — f (2(k | k —1),k)), R(0] 0) =0 (11)
One-step ahead prediction estimate of the signal z(k) : 2(k |k —1)

2(k | k —1) = H(K)CX(k, k —1) (12)
One-step ahead prediction estimate of the state vector x(k) : X(k | k —1)

K(k | k—1) = DR(k —1| k —1) (13)
Auto-variance function of x(k | k) : S(k)

S(k) = DSk —DP" +G(k)H (K)C(K(K,k) —PS(k —1)D'),S(0) =0 (14)
Filter gain: G(k)

G(K) = (K(k,K)YCTHT (k) - DS (k-1)®'CTHT (k) / 15)

(R+H(K)CK(k,K)CTHT (k) - H (K)CDS(k -1)®'CTHT (k))

Here, the function H (k) is given by
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of k), k
H (k) = % |x()=(klk-1) - (16)

A necessary condition for the stability of the extended recursive Wiener estimators is given by
R+ H(K)CK(K,K)YCTHT (k) —H((K)CDPS(k—1D)DP'C"HT (k) >0.

Like the design of the extended Kalman filter, in the design of the extended recursive Wiener estimators, the function H (k)
of (Cx(k), k)
ox(k)

X(k |k —1) [4]. Here, 2(k | k —1) = CDx(k —1,k —1) represents the one-step ahead prediction estimate of the signal z(k) .

isputas H(k) = xky=x(kik—1) €XPanding the nonlinear observation function in a first-order Taylor series about

The difference of the extended recursive Wiener estimators from the extended Kalman estimators lies in the information
used. The extended recursive Wiener estimators use the information of @ ,C , K(0) and R . The extended Kalman estimators

use the information of ® , C and the variance of the white noise input, Q , in (2). Both estimators use the information of
nonlinear observation function and the function H(k). Since S(k) is the auto-variance function of the filtering estimate
X(k, k), the filtering error variance function P(k | k) is given by P(k | k) = K(0) —S(k) . The variance function of the one-

step ahead prediction estimate of x(k) is given by dS (k —1)(2[)T . One-step ahead prediction error variance function of
x(k)is given by P(k | k —1) = K (K, k) —®dS(k —1)D" .

The simulation result in [4] shows that the extended recursive Wiener filter and fixed-point smoother are superior in
estimation accuracy to the extended Kalman estimators respectively.

3. lterated Extended Recursive Wiener Fixed-Point Smoothing and Filtering Algorithms

This section, likewise the derivation technique of the iterated extended Kalman filter [1], at first, proposes the iterated
extended recursive Wiener fixed-point smoothing and filtering algorithms.

On a Bayesian analysis for the nonlinear Gaussian filtering problem, the probability density functions hold the following
relationships [1].

p(x(k —1| y(k —=1)) =~ N(x(k =1) : X(k —1| k —1), P(k —1| k —1)),

P(x(k | y(k=1) ~ N(x(k) : X(k | k =1), P(k | k —1)),

P(x(k | y(K)) = N(x(k) : x(k | k), P(k | k)),
Where p(x(k—1| y(k—1)) is the initial prior density, p(x(k|y(k —1)) is the prediction density, p(x(k| y(k)) is the
posterior density. Here, Y, = {y(i)}kzlare the measurements. The conditional probability density function of x(k +1) given

i
Y. s obtained, under the Gaussian assumption for all the related random variables, as follows.

PIx(k +1) [ Y, ] = pIx(k +1) | y(k +1),Y} 4]
=% pLy(k+1) | x(k +DIp[x(k +D[Y,]
:%N[y(k +1): f(2(k +1),k +1), R]- N[x(k +1) : R(k +1|K), P(k +1] K)],

Here, b is a constant value. Maximizing the conditional probability density function p[x(k +1)|Y,.,] with respect to x(k +1)
is equivalent to minimizing J (x(k +1)) with respect to x(k +1) [1]. J(x(k +1)) is given by

J(x(k +1)) =%[y(k +1)— f(Cx(k +1), k + )] R y(k +1) — f (Cx(k +1), k +1)]
+%[x(k +1) = KK +1[K)]" P(k +1] k) [x(k +1) — R(k +1] k)] (17)
= % rT(k+2)r(k +1).

Here,
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1
R 2(y(k+1)— f(Cx(k +1),k +1))
1
P(k+1|K) 2(x(k+1) —X(k +1|K))

r(k+1) =

In (17) P(k +1| k) represents the prediction error variance function of x(k +1) . In the extended recursive Wiener filter [4],
S(k) represents the variance of the filtering estimate X(k,k) of the state vector x(k) . In terms of S(k), the prediction error
variance function P(k +1| k) is given by P(k +1] k) = K(k +1, k +1) —®S(k)®" ,K(k+1k +1) = K(0), in
wide-sense stationary stochastic systems.

In the Newton’s method, the gradient vector and the Hessian matrix are required. It is necessary that the Hessian matrix

\Y VTJ[x(k+l)]| (ko) X(MM is positive-definite since thei+1th filtering estimate X' "1 (k +1 | k +1) is updated from the

ith filtering estimate %1 (k+1]k+1) by

K41 kD) = 8 (k41 k+D)+(V, 5T (XK +D) |, ) VI ((k+D))|

x(k+1)=R' (k-+1Jk+1) X(k+1)=R" (k-+1Jk+1) *

In the Newton’s method, if the ith value X' (k +1| k +1) is near to the true value x(k +1) , the error between thei+1th

Si+1

value X' (k +1] k +1) and the true value is almost equal to the value, obtained by multiplying a constant to the square

value of the error, provided thatVX J(x(k+D)], (k41)= >0 [8].

k+]1k+l

Now, let us expand J[x(k +1)] ina Taylor series up to the second order about the ith iterated value of the estimate of x(k +1)

Ik +1) = X (k+D)]+V, I (x(k +1)) x(k +1) - X (k +1))

| (k+1) x(k+l ( (
(18)

+%(x(k +1) =X (k+2)TV, VI I (x(k +1)) | x(k+1) - X' (k +1))

x(k+1)=x (k+1) (

Here, v, J(x(k +1) |X(k+1 and \% VTJ(x(k +1)| represent the gradient vector and the Hessian matrix, with respect to

X(k+1)=x k +1)
x! (k+1), respectlvely. By setting the gradient of (18), with respect to x(k +1) , to the zero vector, in accordance with
the minimization of J(x(k +1)) , we have an iterated equation of Newton’s method for the i+1th filtering estimate

R (k+1/k+1) of the state vector x (k +1) from the ith filtering estimate &' (k+1|k+1) as follows.

X (k2 kD) = & (k421K D) =1V, (X (D) Ly o] VoK (KHDT 1 ooy (19)
VoI (X (K+D)) e os ety = ~ P (C>‘<i (k+1[k+1),k +1) R

( (k+1)= f(CR' (k+1]k+1), k+1))+P(k+]Jk)_l(>2i (k+1lk+1)= R (k+1]Kk))R™ (20)
VY39 (D) o™ X (LKD) KHDTRE (O (K1l k+1) k+D)+ PR+ 21)

Here, the Hessian is calculated approximately to the first derivative of J(x(k +1)) with respect to x(k +1) and (19) is
obtained by putting x(k +1) and X (k+1) to #*(k+1[k+1) and &' (k+1|k+1) respectively as in [1]. From retaining to the first
derivative in (21), the minimization of (18) results in the Newton-Raphson algorithm, which yields an approximate MAP
filtering estimate X (k + 1]k +1) of x(k +1) . In[1], it is indicated that (V, V] J[x(k +1]) " = P(k +1| k +1)
. Here, P(k +1| k +1) represents the filtering error variance function of x(k +1) . Since P(k +1| k +1) is a positive semi-

definite matrix, the filtering estimate might not diverge. From the simulation result in [1], the estimation accuracy of the
iterated extended Kalman filter is superior to the EKF and the UKF.

Now, in the followings, let us show the iterated recursive Wiener filtering and fixed-point smoothing algorithms in
accordance with the Newton-Raphson method and the Newton’s method.

Initial values at discrete time k +1:
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(1) S(1)=0
(2) Filtering estimate of the state vector x(1) : X(1|1) =0
(3) Filtering estimate of the signal z(1) : 2(1|1) =0
Iteration of discrete time k from 1 to last time:

One-step ahead prediction estimate of the state vector x(k +1) : X(k +1] k)

R(k +1| K) = ®R(K | K)

One-step ahead prediction estimate of the signal z(k +1) : Z2(k +1| k)

2(k+1|K) = CR(K +1| k)

One-step ahead prediction error variance function of x(k +1) : P(k+1|k)
P(k+1k)=K(k+Lk+1)-@S(k)®"

po (k) =2k k)

& (k|Kk)=R(k k)

Iteration of j from 1 to I:

One-step ahead prediction estimate X/ (k +1| k) of x(k +1) in the j thiteration: %} (k +1|k) =% (k | k)
Differentiate the observation function with respect to x(k) and put x(k) = %] (k+1]k).

of (Cx (k). k)

HY (k+1)= ax(k) 0= )

Observed value: y(k +1)
Filter gain in the jth iteration: G/ (k+1)
GJ (k+1) = (K (k+1k+1)CTHI (k+1)-@S(k)@'CTH (k-+1))
[R+H(k +1)(CK(k +1k+1)CT —Cas(k)@'CT JH I (k+ )"
(1) Newton-Raphson algorithm
o= pd +I(HT (k+1)T RHIT (k+1)+ (K (k+1k +1) - @S (k) @) T [-H (k+ )T R (y (k+1)- F (Cpd k+1))
HK (k+1k+1)-08(k) ®7)( pd ~0%(KK))]
ngrl :p1j+1
(2) Newton’s algorithm:
P = pl 4t [(HI(k+2) R (k +2) + (K(k + 1,k +2) DS (K)DT) ™~ (y(k +1) - F (Cpd Kk + )R £, (C ol k + D]
[-HI(k+1)T R (y(k+1) - f(Col k+1) + (K (k+1k +1) —DS(K)D") (! —DR(K | K))]
poj+l — p1j+1
End of the iteration for j

Filtering estimate of X (k +1) : X(k+1|k +1)

R(k+1lk+1)=p ™
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Filtering estimate of the signal z(k +1) : 2 (k +1| k +1)

2(k+1]k+1) = CR(k +1] k +1)

Time update for the variance of the filtering estimate X (k +1| k +1) of x (k +1) : S(k+1)
S(k+1)=a8(k)&" +G' (k+1)H' (k+1)C(K (k+Lk+1)-0S(k)o"

Filtering error variance function of x(k +1): P (k +1/k +1)
P(k+1k+1)=K(k+1Lk+1)—-S(k+1)

Initial value of the fixed-point smoothing estimate: k(k + 1k +1)

Initial value of q(k +1) :q(k +1) = S(k +1)

Iteration of i from 1 to Lag(=L):

Iteration of j from 1 to I:

One-step ahead prediction estimate X(k +i+1|k+i) of x(k +i) inthe jth iteration:
& (k+i+1]k+i)=OR1 (k+i[k+i)
Differentiate the observation function with respect to x (k) and put x(k)=&! (k+i+1k+i).

of (Cx(k).k)

HY(k+i+1)= ox(K) x(K)=x (ki1 i)

Observed value: y(k+i+1)

Filter gain in the jth iteration: G/ (k+i+1)
Gj(k+i+1)=(K(k+i+1,k+i+l)CTHj(k+i+1)—d>S(k+i)d>TCTHj(k+i+1))
><[R+Hj(k+i+l)(CK(k+i+1,k+i+1)CT —Cd)S(k+i)d)TCT)Hj(k+i+1)T]’l
(1) Quasi-Raphson algorithm:

P = pl +[(H (k+i+0)) RMHI (K +i+1) + (K(K+i+Lk+i+1) - DS(k +i)d") '™

[-HI (K +i+D)T Ry +i+1)— f(Cpl K+i+1)+(K(K+i+LKk+i+1) - DSk +i)d") () —DRK +i |k +i)],

j+l

Po

j+l

= pf
(2) Newton’s algorithm:

PO = pd +[(H (K +i+D))" RTH (kK +i+1) + (K(K+i+1K+i+1)—DdS(k+i)® )™

—(y(k+i+D) - f(Cpl k+i+D))R'f_(Col k+i+D]'[-H (k+i+D) "R (y(k+i+1)— f(Cpl k+i+1)
+HK(K+i+Lk+i+1)—@S(k+i) @) (pf —DR(K+ilk+i))]

j+1

o

j+1

= pl
End of the iteration for j
Filtering estimate of X (kK +i+1): X(k+i+1|k +i~+1)

I+1

K(k+i+1llk+i+1)= p

Filtering estimate of the signal z(k +i+1): 2(k+i+1|k +i+1)
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2(k+i+1lk+i+1)=Cx(k+i+1|k+i+1)

Time update for the variance S(k + i +1) of the filtering estimate )?(k +i+1|k+i +1) of
X(k+i+1):S(k+i+1)

S(k+i+1)=®S(k+i)®" +G' (k+i+1)H' (k+i+1)C(K(k+i+1Lk+i+1)
—DS(k+i)D")

Filtering error variance function of X (k +i+1) : P(k+i+1k +i+1)
P(k+i+lk+i+1)=K(k+i+Lk+i+1)—S(k+i+1)

One-step ahead prediction estimate of the state vector x(k +1+i): X(k +1+i|k+i)
R(k+1+i|k+i)=DPK(k+i|k~+i)

One-step ahead prediction estimate of the signal z(k +1+1i): 2(k +1+i |k +1i)
2(k+1+i|k+i)=CR(k+1+i|k~+i)

Smoother gain: h(k+1, kK +1+i,k+1+i)
h(k+Lk+i+Lk+i+1)=(K(k+ik+i)(®")CT(H") (k+i+1)—q(k [kK+D)D'CT(H") (k+1+1i))
(R+H'(k+i+1)CK(k+i,k+i)C"(H")" (k+i+1)-H' (k+i+1)CdS(k+i|k+D)®'C"(H")" (k+i+1))™
q(k+i+1)=q(k+i)@" +h(k+Lk+i+Lk+i+1)H' (k+i+1)C(K(k+i,k+i)— S(k+i)(DT)

Fixed-point smoothing estimate of x (k +1) at the fixed pointk: R(k +1|k +i+1)
R(k+lk+i+1)=x(k+1lk+i)+h(k+Lk+i+Lk+i+1)(y(k+i+1)
—f(CR(k+i+1|k+i+1),k+i+1))

End of the iteration for i

End of the iteration for k

By the way, in accordance with the minimization of the function J(x(k+1)) of (17), let us show the extended recursive

Wiener filtering and fixed-point smoothing algorithms based on the medium-scale Quasi-Newton line search method, the
Quasi-Newton (the L-BFGS) method and the Nelder-Mead simplex direct search method.

Method 1: In accordance with the minimization of the function J(x(k+1)) of (17), the medium-scale Quasi-Newton line
search method is used. The finite difference method gets the gradient of f(Cx(k),k) in terms of the MATLAB program
“fminunc.m” in the optimization toolbox.

Method 2: In accordance with the minimization of the function J(x(k+1)) of (17), by providing the gradient of the function
f(Cx(k),k), the Quasi-Newton (the L-BFGS) method is applied in terms of the MATLAB program “fminunc.m” in the
optimization toolbox.

Method 3: In accordance with the minimization of the function J(x(k+1)) of (17), the Nelder-Mead simplex direct search
method is applied in terms of the MATLAB program “fminsearch.m” in the optimization toolbox.

Initial values at discrete timek=1:

(1) s()=o0
(2) Filtering estimate of the state vector x (1) : X(1]1)=0

(3) Filtering estimate of the signal z(1) : 2(1]1) =0
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Iteration of discrete time k from 1 to last time:

One-step ahead prediction estimate of the state vector x (k +1) : X(k +1| k)
R(k+1| k) =DdR(K|k)

One-step ahead prediction estimate of the signal z(k +1): 2(k +1| k)
2(k+1]k)=CR(k+1|k)

One-step ahead prediction error variance function of x(k +1) : P (k +1]k)
P(k+1k)=K(k+Lk+1)—PS(k)®D"

Observed value: y(k+1)

Let the optimal value, which minimizes the function J(x(k+1)) of
I(x(k+1))= %[y(k +1)— f (Cx(k+1),k+1)]" R’l[y(k +1)— f (Cx(k +1),k +1)J
+%[x(k +1) = K(k +11 KT P (k +20k) [ x(k +1) - % (k +1k) |

with respectto x (k +1), be xopt(k +1)T through the following three methods respectively.

Method 1: In accordance with the minimization of the function J(x(k+1)) , the medium-scale Quasi-Newton line search
method is used. The finite difference method is used to get the gradient of the function f(Cx(k+1),k+1) in the MATLAB

program “fminunc.m”.

Method 2: In accordance with the minimization of the function J(x(k+1)) , by providing the gradient of the function
f(Cx(k+1),k+1), the Quasi-Newton (the L-BFGS) method is used in the MATLAB program “fminunc.m”.

Method 3: In accordance with the minimization of the function J(x(k+1)) , the Nelder-Mead simplex direct search method
is used in the MATLAB program “fminsearch.m”.

Filtering estimate of X (k +1) : X(k +1| k +1)

%(k+1|k+1) = xopt (k +1)'

Filtering estimate of the signal z(k +1) : 2(k +1| k +1)
2(k+1lk+1)=Cx(k+1|k+1)

Differentiate the observation function with respectto x (k) and put x (k) = X(k +1lk)

of (Cx(k) k)
H (k +1) = Tk) |x(k):i(k+1\k)
Filter gain in the j th iteration: G (k +1)

G(k+1)=(K(k+Lk+1)C"H (k+1)—®S(k)® C"H (k +1))
<[R+H(k+1)(CK(k+1k+1)CT —C®S(k)®'C" )H(kk+D"]*

Variance of the filtering estimate X(k +1|k +1) of x(k+1) :S(k~+1)

S(k+1)=@S(k)®" +G(k+1)H (k+1)C(K(k+Lk+1)-®S(k)D")
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Filtering error variance function of X (k +1) : P (k +1/k +1)
P(k+1k+1)=K(k+1Lk+1)—S(k+1)

Initial value of the fixed-point smoothing estimate: k(k + 1]k +1)
Initial value of q(k+1):q(k+1)=S(k+1)

Iteration of i from 1 to Lag(=L)

One-step ahead prediction estimate X(k +i+1|k +i) of x(k+i): X(k+i+1|k+i)
X(k+i+1]lk+i)=DPK(k+i|k~+i)
Observed value: y(k+i-+1)

Let the optimal value, which minimizes the function J(x(k +i +1))0f
. 1 ) . . " . . .
J (x(k+|+1)):5[y(k+|+1)— f(Cx(k+i+1),k+i+1)'R [y(k+| +1)— f(Cx(k+i+1),k+i +1)]
+%[x(k+i+1)—>z(k+i+1|k+i)]TP(k+i+uk+i)*l[x(k+i+1)—>2(k+i+14k+i)]
with respect to x(k + i +1) , be xopt (k +i +1)T through the following three methods respectively.

Method 1: In accordance with the minimization of the function J(x(k+i +1)) , the medium-scale Quasi-Newton line

search method is used. The finite difference method to get the gradient is used, without providing the gradient of the
function f(CX(k +i +1), K+i +l) , by the MATLAB program “fminunc.m”.

Method 2: In accordance with the minimization of the function J(x(k+i +1)) , by providing the gradient of the function

f(Cx(k+i+1),k+i+1), the Quasi-Newton (the L-BFGS) method is used by the MATLAB program “fminunc.m”.

Method 3: In accordance with the minimization of the function J(x(k+i+1)) , the Nelder-Mead simplex direct search
method is used by the MATLAB program “fminsearch.m”.

Filtering estimate of x (K +i+1): X(k+i+1|k+i+1)
%(k-+i+1/k+i+1)=xopt (k +i+1)"

Filtering estimate of the signal z(k+i+1): 2(k+i+1|k+i+1)
2(k+i+1|k+i+1)=Cx(k+i+1|k+i+1)

Differentiate the observation function with respect to x (k) and put x(k) =% (k+i+lk+i)

H(k+i+1)= % )= (i)

Filter gain: G(k+i+1)

G(k+i+1)=(K(k+i+l,k+i+1)CTH (k+i+1)—(DS(k+i)d)TCTH (k+i+1))
R+H(k+i+1)(CK(k+i+Lk+i+1)CT —CoS(k+i)@'CT JH(k+i+)T]"

Variance of the filtering estimate X(k +i+1|k+i+1) of x(k+i+1):S(k+i+1)
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S(k+i+1) =08 (k+i) " +G(k+i+)H (k+i+1)C(K (k+i+Lk+i+1)-aS(k+i)o )

Filtering error variance function of X (k+i+1): P(k+i+1k+i+1)
P(k+i+1k+i+1)=K(k+i+Lk+i+1)—-S(k+i+1)

Smoother gain: h(k+Lk+i+1Lk+i+1)
h(k+LKk+i+LKk+i+2) = (KK +i,k+i)(@")' CTHT (k+i+1) —q(k |k +i)® CTHT (k +1+i))
x(R+H(k+i+1)CK(k+i,k+i)CTH" (k+i+1)—H (k+i+1)CdS(k+i|k+)®'C H' (k+i+1))™
q(k+i+1):q(k+i)dbT +h(k+1,k+i+1,k+i+1)H(k+i+1)C(K(k+i,k+i)—S(k+i)®T)
Fixed-point smoothing estimate of x (k+1) at the fixed point K: R(k+1]k+i+1)

R(k+Uk+i+1)= R (k+2k +i)+h(K+Lk+i+Lk+i+1)(y (k+i+1)— f (CR(k+i+1]k +i+1), k+i+1))
End of the iteration for i

End of the iteration for k

Now, let us show a numerical simulation example in section 4.

4. A Numerical Simulation Example

Let a scalar observation equation with the nonlinear mechanism be given by

y(k)=f(z(k).k)+v(k), z(k)=Cx(k),

f(z(k),k) = cos(2nf.ka+m,z(k)), f, =1,000 [Hz], A=0000090703, m, =1.2. (22)

The nonlinear function in (22) shows the phase modulation in analogue communication systems [8]. Here, f., Aand m,

represent the carrier frequency, the sampling period of the signal z(k) and the phase sensitivity respectively. Let v(k) be
the white Gaussian observation noise with the mean zero and the variance R, which is denoted by N(0,R). The gradient

of the nonlinear function f(Cx(k),k) with respect to x (k) is given by

~of (x(k).k) o e Y Bl 1\ rofull
H(k)-wlx(k)zi(klk_l)— maCsin (27 f kA +m,CR(klk —1)), 2 (klk —1) = Cx (k|k - 1), (23)

where x (k) issetto X(k|k-1).
Let the signal z(k) be expressed by the state vector x (k) , which consists of the state variables as
X (k)=2z(k), X, (k)=2z(k+1), -+, x,(k)=2z(k+n-1),

Z(k)=CX(k), x(K) =[x (k) % (k) Xn(k)]T, Z(k)= Xl(k), C=[1 0--- 0]. (24)

Let us consider to estimate a vowel signal spoken by the author. Its phonetic symbol is written as “/i:/”. The sampling
frequency of the voice signal is 11.025[kHz]. The auto-covariance data of the signal process are calculated in terms of the
N =350 sampled data. Let the stochastic process of the vowel signal be modeled in terms of the autoregresive (AR) process
of order n=10 as

z(k)=—az(k—1)—a,z(k—2)—---a,z(k—n)+e(k), E[e(k)e(s)] =00 (k-s). (25)
Let K, (l) , i=1---, n, represent the auto-covariance data of the signal z(k) in wide-sense stationary stochastic
systems. The AR parameters &; , i =1, ---, n, are calculated by the Yule-Walker equations.
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(KO K@ K0-2) Km-D[a ] [ K (1) ]
K, (@) K, (0) - K,(n=3) K,(n-2)| a -K;(2)
: : : : Po= : (26)
K.(n-2) K,(n-3) -+ K,(0) K,@ |lans| |-K,(n-1)
(K01 K,(-2) - KO KO [a | | -K(n) ]

By referring to [10], [11], the 1xn observation vector C, the auto-variance function K(0) of the state vector x (k) and
the system matrix @ are obtained in terms of the auto-covariance data of the signal as follows:

C=[1 0 --- 0], (27)
[ K,(0) K, - K,(n=2) K,(n-)]
KO KO - K0-3 K,0-2)
K@O)=| S L, (28)
K(-2) K,(-3) — K0 K@
| K, (n-1) K,(n-2) - K, K, (0) |
[0 1 0 0 0
0 0 1 0 0
b= : : : RN : (29)
0 0 0 0 1
|78 &g 8 v T8 8

K(0) is also called the Hankel matrix. As indicated in [11],[12], a finite dimensional realization for z(k) exists if and
only if the rank of the Hankel matrix is n.
Figure 1 illustrates the signal z(k) , the filtering estimate Z(k | k) and the fixed-point smoothing estimate Z(k |k +5), by

the proposed iterated extended recursive Wiener fixed-point smoother and filter in the case of using the first derivative of
f (Cx(k),k) with respect to X (k) in the Hessian, vs. k for the signal to noise ratio (SNR) 20 [dB]. From Figurel, it is seen

that the fixed-point smoothing estimate Z(k | k +5) is superior in estimation accuracy to the filtering estimate. Here, the
iteration number | in the calculation of the filtering and fixed-point smoothing estimate is 20. Table 1 shows the mean of 20

Zij(z(k)— 2(k|k))* /550
Var(z(k))

trials for the mean-square values (MSVs) of the estimation errors in terms of 10log,, [dB] and

Zii(z(k)_ 3(k | k +Lag))® /550

Var (z(k))
and fixed-point smoother [4]. From Table 1, in each signal-to-noise ratio (SNR) [dB], the estimation accuracy for the fixed-
point smoother is superior to that of the filter. Table 2 shows the mean of 20 trials for the MSVs of the estimation errors by

the iterated extended recursive Wiener fixed-point smoother and filter in the case of using the first derivative of f (x(k), k)

10log,,

[dB], Lag=12,...,5, Var(z(k))=0.9377, by the extended recursive Wiener filter

with respect to x (k) inthe Hessian. From Table 2, in each SNR [dB], the estimation accuracy for the fixed-point smoother

is superior to that of the filter. Here, the iteration number lis 20.Table 3 shows the mean of 20 trials of the MSVs of the
estimation errors by the iterated extended recursive Wiener fixed-point smoother and filter in the case of using up to the

second derivative of f(x(k),k) with respect to X(k) in the Hessian. From Table 3, in each SNR [dB], the estimation

accuracy for the fixed-point smoother is superior to that of the filter. Here, the iteration number | is 20 .Table 4 shows the
mean of 20 trials for the MSVs of the estimation errors by the iterated extended recursive Wiener fixed-point smoother and
filter, which are obtained based on the iterated extended Kalman filter in [6].From Table 1 to Table 4,the extended recursive

Wiener estimators [4], the extended recursive Wiener estimators in the case of using the first derivative of f(x(k),k) with
respect to x(k) in the Hessian and the iterated extended recursive Wiener estimators in the case of using up to the second

derivative of f(x(k),k) with respect to X(k) in the Hessian have almost the same
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Figure 1 Signal z(k), the filtering estimate Z(k | k) and the fixed-point smoothing estimate Z(k|k+5), by the
proposed iterated extended recursive Wiener fixed-point smoother and filter in the case of using the first derivative
of f(x(k),k) with respect to x(k) in the Hessian, vs. k for the signal to noise ratio (SNR) 20 [dB].

Table 1 Mean of 20 trials for the MSVs of the estimation errors by the extended recursive Wiener fixed-point
smoother and filter [4].

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for

(SNR) [dB]

P

10 [dB] -19.4003 -19.6863 -19.7576 -19.9175 -19.8346 -19.8226

-18.7773 -18.6728 -18.6098 -18.6792

20 [dB] -23.1121 -24.1060 -24.2740 -24.4684 -23.2599 -24.5408

estimation accuracy and are superior in estimation accuracy to the iterated extended recursive Wiener estimators obtained
based on the iterated extended Kalman filter in [6]. Table 5 shows the mean of 20 trials for the MSVs of the estimation
errors by the extended recursive Wiener fixed-point smoother and filter in accordance with the medium-scale Quasi-
Newton line search method in minimizing the function J(x(k)) .The finite difference method to get the gradient is used by
the MATLAB program “fminunc.m” in the optimization toolbox. Table 6 shows the mean of 20 trials for the MSVs of the
estimation errors by the extended recursive Wiener fixed-point smoother and filter in accordance with the Quasi Newton
(the L-BFGS) method in minimizing the function J(X(k)) . In the minimization, the MATLAB program “fminunc.m” in

the optimization tool box is used under the condition that the gradient of f(x(k),k) is provided. Table 7 shows the mean

of 20 trials for the MSVs of the estimation errors by the extended recursive Wiener fixed-point smoother and filter in
accordance with the Nelder-Mead simplex direct search method. In the minimization of the function J(x(k)),
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Table 2 Mean of 20 trials for the MSVs of the estimation errors by the iterated extended recursive Wiener fixed-
point smoother and filter in the case of using the first derivative of f(x(k), k) with respect to x(k) in the Hessian.

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for

(SNR) [dB]

5 [dB] 185812  -18.6576

10 [dB] -19.4395 -19.8349 -19.7868 -19.8576 -19.9862 -19.8912

-18.5958 -18.5315 -18.8368 -18.7306

20 [dB] -23.1917 -24.2057 -24.2218 -24.1370 -23.9037 -23.7592

Table 3 Mean of 20 trials for the MSVs of the estimation errors by the iterated extended recursive Wiener fixed-
point smoother and filter in the case of using up to the second derivative of f(x(k), k) with respect to x(k) in the

Hessian.

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for
(SNR) [dB]

5 [dB] -18.5725 -18.6896 -18.7188 -18.8099 -18.7423 -18.5943
10 [dB] -19.4225 -19.6977 -19.9219 -19.9660 -19.7660 -19.9009

20 [dB] -23.0858 -24.1181 -24.1798 -24.2277 -23.8132 -23.6467

Table 4 Mean of 20 trials for the MSVs of the estimation errors by the iterated extended recursive Wiener fixed-
point smoother and filter obtained based on the iterated extended Kalman filter in [6].

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for
(SNR) [dB]

5 [dB] -16.4859 -16.6537 -16.7070 -16.7405 -16.7597 -16.7504
10 [dB] -16.9881 -17.4304 -17.5647 -17.6469 -17.9209 -17.9468

20 [dB] -20.6227 -22.4695 -22.8444 -22.7787 -22.8733 -22.9444

Table 5 Mean of 20 trials for the MSVs of the estimation errors by the extended recursive Wiener fixed-point
smoother and filter in accordance with the medium-scale Quasi-Newton line search method.

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for
(SNR) [dB]

5 [dB] -10.6724 -11.2141

10 [dB] -13.9068 -14.4664 -14.7144 -15.0748 -15.4149 -15.5331
20 [dB] -20.0936 -20.4134 -20.4698 -21.0171 -21.3275 -21.5210

-11.4688 -11.7531 -11.9821 -12.1963
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Table 6 Mean of 20 trials for the MSVs of the estimation errors by the extended recursive Wiener fixed-point
smoother and filter in accordance with the Quasi-Newton (the L-BFGS) method.

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for

(SNR) [dB]

5 [dB] -10.6414 -11.1847 -11.4303 -11.6960 -11.8523 -12.0151

m -13.4928 -14.1294 -14.6363 -14.9573 -15.1699 -15.4152
20 [dB] -19.9816 -20.3124 -20.3429 -20.8418 -21.0235 -21.2226

Table 7 Mean of 20 trials for the MSVs of the estimation errors by the extended recursive Wiener fixed-point
smoother and filter in accordance with the Nelder-Mead simplex direct search method.

Signal to MSV in MSV in MSV in MSV in MSV in MSV in
noise ratio [dB] for [dB] for [dB] for [dB] for [dB] for [dB] for
(SNR) [dB]

5 [dB] -10.1890 -10.8414 -10.7074 -11.5343 -11.7529 -12.1399
10 [dB] -13.1325 -13.9186 -14.3813 -14.7564 -14.9933 -15.1571
20 [dB] -19.1967 -19.7477 -19.8762 -20.4420 -20.8427 -21.0225

the MATLAB program “fminsearch.m” in the optimization toolbox is used. From Table 5, Table 6 and Table 7, in each
SNR [dB], the estimation accuracy for the fixed-point smoother is superior to that of the filter and, as the Lag increases,
there is a tendency that the estimation accuracy of the fixed-point smoother is improved. Also, the estimation accuracies
for the extended recursive Wiener fixed-point smoother and the filter, in accordance with the medium-scale Quasi-Newton
line search method, the Quasi-Newton (L-BFGS) method and the Nelder-Mead simplex direct search method, are almost
same. The extended recursive Wiener estimators [4] and the three kinds of iterated extended recursive Wiener estimators
are superior in estimation accuracy to the extended recursive Wiener estimators in accordance with the medium-scale
Quasi-Newton line search method, the Quasi-Newton (L-BFGS) method and the Nelder-Mead simplex direct search
method. Table 8 compares the computation times of the filtering estimate Z(k | k) and the fixed-point smoothing estimate

2(k|k+1), 1<k <550 per trial for seven estimation techniques. Among the seven estimation algorithms, the extended

recursive Wiener fixed-point smoother and filter [4] show the shortest computational time. It takes long computational
times in the extended recursive Wiener fixed-point smoothing and filtering algorithms in accordance with the medium-
scale Quasi-Newton line search method, the Quasi-Newton (the L-BFGS) method and the Nelder-Mead simplex direct
search method. Here, in the computations of the estimates, MATLAB R2013a is used on DELL PC Optiplex 3020 (Intel®
Celeron® CPU G1820 @ 2.70 GHz, OS: Windows 10, RAM: 4 GB).

For the smooth nonlinear modulation function whose deviations from the reference (nominal) trajectory are small enough
to allow linear perturbation techniques [13], the extended recursive Wiener estimators are feasible in estimation accuracy.
Likewise, from the above simulation, the iterated extended recursive Wiener estimators, in the both cases of using the first

derivative of f(x(k),k) and up to the second derivative of f(x(k),k) with respect to x (k) in the Hessian, have shown
the feasible estimation performance.
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Table 8 Comparison of computation times of the filtering estimate Z(k | k) and the fixed-point smoothing
estimate Z(k |k+1), 1<k <550 per trial for seven estimation techniques.

Nonlinear estimation techniques (Table No.) Computation time (numbered in ascending
order of computation time of the seven
methods)
1. Extended recursive Wiener fixed-point smoother 0.642188 [s](1)

and filter [4]. (Table 1)

2. Iterated extended recursive Wiener fixed-point 7.882021 [s] for the iteration I = 20(3)
smoother and filter in the case of using the first
derivative of f (x(k),k) with respect to x(k) in
the Hessian. (Table 2)

3. Iterated extended recursive Wiener fixed-point 8.120086 [s] for the iteration I = 20(4)
smoother and filter in the case of using up to the
second derivative of f (x(k), k) with respect to

X(k) in the Hessian. (Table 3)

4. Iterated extended recursive Wiener fixed-point 1.711135 [s] for the iteration I = 20(2)
smoother and filter obtained based on the
extended Kalman filter in [6]. (Table 4)

5. Extended recursive Wiener fixed-point smoother 96.268837 [s](7)
and filter in accordance with the medium-scale
Quasi-Newton line search method. (Table 5)

6. Extended recursive Wiener fixed-point smoother 61.558414 [s](5)
and filter algorithms in accordance with the
Quasi-Newton (L-BFGS) method. (Table 6)

7. Extended recursive Wiener fixed-point smoother 83.857940 [s](6)
and filter in accordance with the Nelder-
Mead simplex direct search method. (Table 7)

5. Conclusions

This paper has proposed approximate MAP extended recursive Wiener fixed-point smoother and filter for the white Gaussian
observation noise. This paper, at first, has devised two kinds of iterated extended recursive Wiener extended algorithms for
the fixed-point smoothing and filtering estimates. One is regarded as the Newton-Raphson algorithm, since it use the first
derivative in the Hessian with respect to the state vector, of the nonlinear observation function, and the other as the Newton’s
algorithm which uses up to the second derivative in the Hessian. Secondly, this paper has proposed three kinds of extended
recursive Wiener fixed-point smoothing and filtering algorithms in accordance with the medium-scale Quasi-Newton line
search method, the Quasi-Newton (the L-BFGS) method and the Nelder-Mead simplex direct search method.

Among the seven estimation algorithms, the extended recursive Wiener fixed-point smoother and filter [4] have shown the
shortest computational time. It takes long computational times in the extended recursive Wiener fixed-point smoother and
filter in accordance with the medium-scale Quasi-Newton line search method, the Quasi-Newton (the L-BFGS) method
and the Nelder-Mead simplex direct search method. From the aspect of the estimation accuracy, these three estimators are
inferior to the extended recursive Wiener estimators [4] and the three kinds of iterated extended recursive Wiener
estimators. The extended recursive Wiener estimators [4], the iterated extended recursive Wiener estimators in the both

cases of using the first derivative of f(x(k), k) and up to the second derivative of f(x(k), k) with respectto x (k) inthe

Hessian have almost the same estimation accuracy and are superior in estimation accuracy to the iterated extended recursive
Wiener estimators, obtained based on the iterated extended Kalman filter in [6].
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